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Comparison of Generalized Approximate Cruise
Range Solutions for Turbojet/Fan Aircraft

Mustafa Cavcar* and Aydan Cavcar'
Anadolu University, 26470 Eskisehir, Turkey

Two different approximate solutions are proposed and compared with the numerical solution of the constant-
altitude-constant-Mach-number cruise range for turbojet/fan aircraft. The approximate solutions consider both
cambered wing drag polar and dependence of specific fuel consumption on Mach number. It is also proved that
the classical analytical approach assuming constant specific fuel consumption and uncambered wing drag polar
results in higher optimum Mach numbers and shorter ranges for constant-altitude-constant-airspeed flight of

turbojet/fan transport aircraft.

Nomenclature
a = speed of sound
Cp = drag coefficient
Cp, = parasitedrag coefficient
Cp = lift coefficient
cr = thrust specific fuel consumption
cr, = reference thrust specific fuel consumption
for flight altitude
D = drag force
E, = maximum lift-to-drag ratio with cambered wing
E,, = maximum lift-to-dragratio without cambered wing
K = range parameter
ki, k, = induced drag coefficients
L = lift force
M = mach number
M4, = minimum drag Mach number
M = average Mach number
m = ratio of the Mach number to the minimum drag
Mach number
Mg, = ratio of the Mach number to the minimum drag
Mach number for small angle approximation
p = pressure at flight altitude
N = nondimensionalrange
N = nondimensionalrange for small angle approximation
N = nondimensionalrange for average
Mach number approximation
S = wing area
w = weight of aircraft
Wy = aircraft weight at the beginning of cruise flight
W, = aircraft weight at the end of cruise flight
w = ratio of the aircraft weight to the initial
condition of weight
X = range
B = thrust specific fuel consumption
Mach number exponent
y = specific heat ratio for air
¢ = fuel weight fraction

Introduction

ANGE is a basic operational requirement and design crite-
rion especially for transport category aircraft. Because of this
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fact, range performance of aircraft has been studied by several au-
thors since the first days of powered flight. Recently, Torenbeek!
reviewed cruise performance and range prediction in detail. Ac-
cording to Torenbeek, the first analyses of range for turbojet-
powered aircraft were published soon after Second World War,
by Page and Edwards in the United Kingdom and by Jonas,
Askenas, and Perkins and Hage in the United States. The range
equations introduced with these studies were based either on a
cruise/climb flight with constant speed and lift coefficient, result-
ing in the Bréguet equation for jet propulsion, or on constant-
altitude flight with constant lift coefficient. Later on, some other
cruise flight procedures like constant-altitude-constant-airspeed
or-Mach-number, constant-altitude-constant-thrust, constant-lift-
coefficient—constant-thrust, and constant-airspeed-eonstant-thrust
flight were developed. Anathasayanan? summarizes all of these
techniques.

Although the cruise/climb technique results in longer ranges
than horizontal cruising flight, it is not usually a favored oper-
ational procedure due to air-traffic-control-imposed constraints.!
Generally, when flight is conducted under the jurisdiction of air
traffic control regulations, the accepted cruise flight is the constant-
altitude—constant-airspeed or -Mach-number procedure’ In this
Paper, solutions of cruise range equation for turbojet/fan aircraftare
studied for the constant-altitude-constant-Mach-numbercondition.
Because this conditionleads to a range equationthatis an arctangent
function, optimum Mach number and maximum range are usually
solved analytically by constant specific fuel consumption and un-
cambered wing drag polar assumptions. Previously, Bert* proposed
range and endurance solutions for aircraft having wings with cam-
ber but with constant specific fuel consumption. On the other hand,
Martinez-Val’ proposed introduction of the dependence of specific
fuel consumptionon Mach number but with uncambered wing polar
assumption. In this Paper, two approximate solutions, considering
both thrust specific fuel consumption variation with Mach number
and aircraft with cambered wing, are proposed and compared with
the numerical solution of the arctangent range function.

Problem Formulation

The constant-altitude-constant-airspeed(Mach number) range of
a jet aircraft can be determined from
dX = —(@M /cr)(L/D)(dW | W) (1)

where c7 is the thrustspecific fuel consumption. At constantaltitude,
the thrust specific fuel consumption varies with Mach number as’

cr = CT0M/j 2)
On the other hand, for cambered wing drag polar,
CD =CDo+k1Cz —kch (3)
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Although all coefficients of the drag polar are functions of Mach
number, they will be assumed constant. The errorsinvolvedin Eq. (3)
due to this assumption are very small in long-range cruise, because
this condition s not affected by drag divergence. Lift-to-dragratio
in Eq. (1) can be written in terms of weight and Mach number:

L m2w

— =2E, 4
D " m* — 2k, E,,,,wm? + w? @)

where E,, is the maximum lift-to-dragratio,

Eny=1/2/kiCp,  (5)

Em = 1/(2 kICDo _k2)a

Approximate Solution by Small Angle Assumption

For optimum cruising the angle defined by the arctangent term
is usually small and arctangent can be set equal to its argument as
was proposed by both Torenbeek! and Ojha.® This approximation
results in the following:

()\ Emo §m37ﬁ\/ 1 + kZEmo (13)
JU=

Em m4 - (2 - {)kZEmomz + (1 - {)

Application of the maximum cruise range condition given by
Eq. (11) to this accurate approximation' results in the following:

, —(1 = BkE,, + \/(1 = BPREL + 4L+ BB - AU —)/2—8), _ ¢

mg =

w is theratioof aircraft weightto Wy, aircraft weightatthe beginning
of cruise flight,

w=W/W,
and
m = M/Mmdo (6)

where M 4,18 the minimum drag Mach number forinitial conditions
of cruise flight:

Mgy = (ki /Coy)* @Wo/ypS)t )

To ensure that flight is not in a statically unstable equilibrium con-
dition, use m > 1. Integrating Eq. (1) between the aircraft weight
at the beginning, Wy, and the aircraft weight at the end, W, of the
cruise flight yields nondimensional range:

3 XCT() 1 + kZEmo 1-8 —1 Em 1- kZEmomz
N = -5 =m tan e
ZLIMme EmEmo Emo mz,/ 1 + k2ElllO

L [Ea -0 - sz,,mmZ}

Emo mz,/ 1 +k2Emo

— tan

(8)

or

Emo ;mZV 1 + kZEmo

Em m4_(2_§)k2Emom2+(1 _C):| (9)

R=m'# |:tan1

where ¢ is the cruise fuel weight fraction:
=W, — Wy)/W, (10)
For constant altitude, maximizing the range implies that
on
— =0 (11)
aom

The result obtained from Eq. (11) is

;mZV 1 + kZEmo

(14)

1+8 2

By substituting this optimum Mach number in Eq. (9), an ap-
proximate maximum constant-altitude-constant-speedrange can be
found:

2
R, =ml~P| tan™! / h é‘msa\/ 1+ kZEmO
sa sa E, m?a 125 C)sz"lOmga +1- {)

(15)

A simplified solution for optimum Mach number and maximum
range can be found by assuming that aircraft wing has no camber,
k> = 0, and thrust specific fuel consumptionis constant; then 8 =0.
For this special case,

me = [3(1 - O)]F (16)

This yields simplified maximum range as follows:

N = [301 — O] tan~' (V32 /41— ¢) (17)

Approximate Solution by Average Mach Number

For a given amount of fuel, maximizing the range is equal, as
a first approximation, to maximizing the range parameter for each
airplane weight during cruise?:
K = (M/cr)(L/D) (18)
After substituting Eqs. (2) and (4) into Eq. (18),
K = (w/eq)[m*~# [ (m* - 2%, E,qwm® +w?)] (19
and maximizing the range parameter

dK Jdm = 0 (20)

results in

2{\/ Emo/Em\/ 1 +k2Emo[m4 - (1 - {)]mZ

(1-p)|tan™",/ Eng - > - > =0 (12)
E, m*—Q2-0)kE,m*+(1-¢) [m4 — Q2= Ok Epm? +(1— {)] +§2Emo/Em(1 _‘_szmo)m4

This equation does not yield an analytic expression for m because
of the arctangent function. However, some approximate solutions
can be proposed in order to determine the Mach number yielding
maximum range for constant altitude. Two approximate solutions
are given hereafter.

—(1 = BaEpy + /(1= HBER, + (1 + B3 — )
m2 = w

1+ 8

2D
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This Machnumberrepresentsonly aninstantaneousoptimum within
cruise-flight range. Because aircraft weight changes due to fuel con-
sumption, this result proposes Mach-number change during cruise
flight. However, to meet constant-altitude-constant-Mach-number
flight condition, an average Mach number can be assumed between
initial and final conditions of flight as follows:

mi +m? Dl
2 2(1+B)

m? =

[ - (1 - ﬂ)kZEmo

+/0 - pRRE, + (1 +p)3 —ﬂ)} (22)
Substituting the Mach number found from Eq. (22) into Eq. (9)
would resultin an approximate maximum cruise range for constant-
altitude-constant-airspeedflight conditions:
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For the special case of a simplified solution, assuming that the
aircraft wing has no camber, k, =0, and thrust specific fuel con-
sumption is constant, 8 =0,

m? = (V3/2)2 -0

Substituting Eq. (24) into Eq. (9) resultsin a simplified approximate
maximum cruise range:

(24)

{2-1%)

— 3 22 [2@—} (25)
2 4-0E-30

Comparison of Solutions

To demonstrate the accuracy of approximate solutions, a hypo-
thetical aircraft is considered. The drag polar of the hypothetical
aircraftis assumed as follows:

Cp =0.025 — 0.0215C;, + 0.083C;

=!

S g 1 [ Em m? /1+k, E,, Anathasayanan? states that the value of B varies between 0.4 and
Ja=m LEln E, m*—(2—)kE, m*+(1—2¢) (23) 0.7 for high-by pass-ratioturbofanengines. For hypotheticalaircraft
0 itis assumed that 8 =0.5.
Table1 Optimum Mach numbers given in m for various solutions
Numerical solutions of Eq. (9)  Approximate solutions, k, =0.0215, 8=0.5 Simplified solutions, k, =0, =0
p=05 Small Average Small Average
e kp =0.0215 k=0 Error,% Angle Error, % Mach Error, %  Angle Error, % Mach Error, %
0.050 1.088 1.122 3.10 1.088 0.00 1.088 0.02 1.299 19.41 1.300 19.43
0.100 1.074 1.107 3.09 1.073 —-0.02 1.074 0.05 1.282 19.39 1.283 19.47
0.150 1.059 1.092 3.08 1.058 —-0.07 1.060 0.10 1.264 19.34 1.266 19.54
0.200 1.048 1.076 3.08 1.042 —-0.13 1.046 0.20 1.245 19.28 1.249 19.65
0.250 1.028 1.059 3.08 1.025 —0.21 1.031 0.34 1.225 19.20 1.231 19.81
0.300 1.011 1.042 3.06 1.008 —-0.33 1.016 0.51 1.204 19.07 1.213 20.02
0.321 1.004 1.035 3.07 1.000 —0.39 1.010 0.60 1.195 19.01 1.206 20.13
0.332 1.000 1.031 3.07 1.000 0.00 1.007 0.65 1.190 18.98 1.202 20.19
0.350 1.000 1.024 2.39 1.000 0.00 1.001 0.11 1.182 18.17 1.195 19.54
0.354 1.000 1.023 2.28 1.000 0.00 1.000 0.00 1.180 18.01 1.194 19.41
0.400 1.000 1.005 0.51 1.000 0.00 1.000 0.00 1.158 15.83 1.177 17.71
0414 1.000 1.000 0.00 1.000 0.00 1.000 0.00 1.151 15.14 1.172 17.19
0.450 1.000 1.000 0.00 1.000 0.00 1.000 0.00 1.133 13.34 1.59 15.86
0.500 1.000 1.000 0.00 1.000 0.00 1.000 0.00 1.107 10.67 1.140 13.98
1.35
Simplified solution, Average
1.30 /— Mach number assumption, ]
E \ / Cr = constant, uncambered wing
Simplified solution, Small-angle
1.25 [] assumption, Ct = constant, —
\ / / uncambered wing
2115
= T~
ﬁ Numerical solution,
I3 1.10 - 3 = 0.5, uncambered wing
1.05
. Average Mach number assumption,
R B = 0.5, cambered wing
1.00
Small-angle assumption, Numerical solution,
B = 0.5, cambered wing B = 0.5, cambered wing
0.95
0.90 . . . .

0.100 0.200

0.300 0.400 0.500 0.600

Cruise Fuel Weight Fraction - {

Fig. 1 Variation of m = M/M,q, with cruise fuel weight fraction.
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Table2 Nondimensional range for various solutions

Numerical solutions of Eq. (9) Approximate solutions, k; =0.0215, 8 =0.5 Simplified solutions, k, =0, 8 =0

=05

S Small Average Small Average
e kp=0.0215 k=0 Error,% Angle Error, % Mach Error, %  Angle Error, % Mach Error, %
0.050 0.033 0.026 —20.78 0.033 0.00 0.033 0.00 0.029 —13.08 0.029 —13.08
0.100 0.068 0.054 —20.78 0.068 0.00 0.068 0.00 0.058 —13.64 0.058 —13.64
0.150 0.104 0.082 —20.76 0.104 0.00 0.104 0.00 0.089 —14.22 0.089 —14.22
0.200 0.141 0.112  —20.74 0.141 0.00 0.141 0.00 0.120 —14.81 0.120 —14.81
0.250 0.180 0.143  —-20.71 0.180 0.00 0.180 0.00 0.152 —15.42 0.152 —15.42
0.300 0.221 0.175 —20.66 0.221 0.00 0.221 -0.01 0.185 —16.04 0.185 —16.04
0.321 0.238 0.189 —20.64 0.238 0.00 0.238 -0.01 0.199 —16.31 0.199 —16.30
0.332 0.248 0.197 —20.63 0.248 0.00 0.248 -0.01 0.207 —16.45 0.207 —16.45
0.350 0.264 0.209 —20.60 0.264 0.00 0.264 0.00 0.220 —16.68 0.220 —16.67
0.354 0.267 0.212 -20.59 0.267 0.00 0.267 0.00 0.222 —16.72 0.222 —16.72
0.400 0.308 0.245 —-20.42 0.308 0.00 0.308 0.00 0.255 —17.23 0.255 —17.22
0.414 0.321 0.255 —20.35 0.321 0.00 0.321 0.00 0.265 —17.37 0.265 —17.36
0.450 0.354 0.283 —20.12 0.354 0.00 0.354 0.00 0.291 —17.68 0.291 —17.66
0.500 0.401 0.322 —19.76  0.401 0.00 0.401 0.00 0.329 —18.00 0.329 —17.96

0.45
0.40 /
0.35 4 Numerical solution;
Small-angle assumption; \/
Average Mach number assumption; /
$ 0.30 ———B =05 cambered wing 7
]
o
§ //
g 025 //
[}
c
£
a 0.20
<
2
) % Simplified solutions
& 0.15 (small-angle & average Mach assumptions),
Cr = constant, uncambered wing
0.10 / \
0.05 /
\_‘ Numerical solution, B = 0.5, uncambered wing
0.00 T T T T T
0.000 0.100 0.200 0.300 0.400 0.500 0.600

Cruise Fuel Weight Fraction - {

Fig. 2 Variation of nondimensional range with cruise fuel weight fraction.

The optimum Mach numbers for various fuel weight fractions
found by small angle assumption [Eq. (14)] and average Mach
number assumption [Eq. (22)] are given in Table 1 and Fig. 1. The
optimum Mach numbers found by numerical solution of Eq. (9)
both for cambered and uncambered wings are also given in Table 1
and Fig. 1 along with simplified solutions for small angle assump-
tion [Eq. (16)] and average Mach number assumption [Eq. (24)].
The errors given in Table 1 show the percentage differencebetween
approximate solutions and the numerical solution of Eq. (9) for
k, =0.0215and B =0.5.

The numerical treatment of Eq. (9) for the uncambered wing
assumption results in about 3% higher optimum Mach numbers,
although specific fuel consumption variation with Mach number is
not neglected. The optimum Mach numbers found by small an-
gle assumption [Eq. (14)] are slightly less than the ones found
by numerical solution. Maximum difference for this case is only
about —0.39%. The optimum Mach numbers found by average
Mach number assumption [Eq. (22)] are slightly higher than nu-
merical solution values. However, maximum difference is still less
than 1%. Both simplified solutions assuming constant specific fuel

consumption and uncambered wing result in about 20% higher
optimum Mach numbers. The results also show that an aircraft
with cambered wing has to fly at minimum drag Mach num-
ber for longer ranges corresponding to cruise fuel weight fraction
above 0.33.

The nondimensional range values found by substitution of the
optimum Mach numbers of small angle and average Mach number
assumptionsto Eq. (9) are givenin Table 2 and Fig. 2. Besides these,
maximum nondimensional range found by numerical treatment of
Eq. (9) is also given together with the results of the numerical solu-
tion of Eq. (9) for the uncambered wing assumption. Both Table 2
and Fig. 2 also show the nondimensionalrange values calculated by
substitution of the optimum Mach numbers of simplified solutions
to Eq. (9).

The numerical solution of Eq. (9) for uncambered wing results
in about 21% shorter nondimensionalrange. Simplified solutions of
small angle and averageMach number assumptionsyield about 16%
shorter nondimensionalrange. Both small angle and average Mach
number assumptions yield almost 0% difference from the numerical
solution of Eq. (9).
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Conclusions

It is proved that the classical analytical approach assuming con-
stant specific fuel consumption and uncambered wing drag polar
results in higher optimum Mach numbers and shorter ranges for
constant-altitude-constant-airspeed flight of turbojet/fan transport
aircraft. It is also shown that highly accurate approximate solutions
can be derived to find optimum Mach numbers without neglecting
wing camber and thrust specific fuel consumption dependence on
Mach number.

Both approximate solutions with small angle and average Mach
number imply that optimum Mach number is directly proportional
with the minimum drag Mach number correspondingto initial cruise
condition. However, this proportionality is a function of the cruise
fuel weight fraction, dependence of the specific fuel consumption
on the Mach number, and wing camber.

Only one assumption has been made for approximate solu-
tions: constant drag polar parameters. However, this seems to
be an adequate hypothesis when flying in long-range condi-
tions, because the Mach number is then well below the drag

divergence value’ Moreover, this is beyond the scope of this
study.
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